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ABSTRACT. In this paper, we consider the most non-split parabolic D4 type preho- 
mogeneous vector space. The vector space is an analogue of the space of Hermitian 
forms. We determine the principal part of the zeta function. 



Introduction 

Throughout this paper, A; is a number field. Let k\ be a cubic extension of k, 
and &2 the Galois closure of k\. Then either A; 2 = k\ is a cyclic cubic extension 
of k or &2 is an ©3-extension of k. In this paper, we consider the zeta function 
defined for a prehomogeneous vector space (G, V) which becomes the D4 case in 
[6] after extending the base field from k to &2- We consider the most non-split case 
here and the vector space is an analogue of the space of Hermitian forms except it 
depends on three two dimensional vectors. So we call this space the space of binary 
tri-Hermitian forms. We discussed the meaning of this case in [1]. 

The purpose of this paper is to determine the principal part of the zeta function. 
Our main result is Theorem (3.6). In §1, we define the prehomogeneous vector 
space in this paper, and prove a stratification of this vector space. Since our group 
is non-split, we cannot directly apply Kempf's theorem on the rationality of the 
equivariant Morse stratification [2], even though it does not seem so difficult to 
make necessary adjustments. However, since our representation is rather small, we 
will handle the stratification explicitly. We will probably consider such adjustments 
for general non-split prehomogeneous vector spaces in the future. 

In §2, we define the zeta function, the Fourier transform, and the smoothed 
Eisenstein series. Our method for computing the principal part of the zeta function 
is similar to that of [3], [5], [7], [8]. In §3, we will analyze the terms which come 
from the set of unstable points, and prove a principal part formula. 

For basic notion on adeles, see [4]. The ring of adeles, the group of ideles, and 
the adelic absolute value of k are denoted by A, A x , | | respectively. We fix a non- 
trivial character < > of A/k. The ring of adeles, the group of ideles, and the adelic 
absolute value of k\ are denoted by Aj Cl , A£ , | \j Cl respectively. Note that by the 
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inclusion A — > Ak 1 , an idele (a v ) v corresponds to the idele (b w ) w such that b w = a v 
if w is a place over v. Let A 1 = {t G A | \t\ = 1}, A\ = {t G | |t| ( t 1 = 1}. 
Identifying k\ g) A = A^ the norm map N^/j. can be extended to a map from A^ 
to A. It is known (see [4, p. 139]) that |N^ 1 /^.(t)| = \t\k 1 for t G Ak 1 . The set of 
positive real numbers is denoted by IR_|_. 

Suppose [k : Q] = n. Then [k\ : Q] = 3n. For A G IR+, A G A x is the idele whose 
component at any infinite place is A~ and whose component at any finite place is 1. 
Also \ ki G A£ is the idele whose component at any infinite place is AsTr and whose 
component at any finite place is 1. Clearly, A = A| . Since |A| = A and \X k \k x = A, 
this means that |A| y t 1 = A 3 . 

If X is a variety over k and R is a ^-algebra, the set of i?-rational points of X 
is denoted by Xr. The space of Schwartz-Bruhat functions on V& is denoted by 
=5^(Va). If f,g are functions on a set X, / <C g means that there is a constant C 
such that f(x) < Cg{x) for all x G X. 



§1 The space of binary tri-Hermitian forms 

Let G\ = GL(l)yt, G 2 = GL(2)fe 1 , and G = G\ X G 2 - We consider G as a 
group over k. Let V 7 = k\ g) &| g) k\. We first fix a coordinate system for V. 

Let fi = , / 2 = and = fi ® /j ® /* for = i' 2 - Tnen 

{eijk I it jtk = 1,2} is a basis for V 7 . So any element x G V can be expressed as 
x = ^2z,j,k x ^jk e tjk, where x^* G & 2 for all z , j , A; . 

We choose three different imbeddings (Ji } a 2} as : k\ — > k 2 over k. Let Hi = 
Gal(k 2 / k) } and if 2 = Gal(A; 2 /A;i). Then if 2 is a subgroup of Hi and [Hi : if 2 ] = 3. 
So there exists a homomorphism h : Hi — > S3 such that H 2 OiO = i^c/tO)^) f° r 
i = 1,2,3. (Here if ti,t 2 G S3, (tit 2 )(z) = r 2 (ri(z)).) We define a right action of 
Hi on V by 

(Zl (g> X 2 (g> X-iY = Z^-i)^) (g) ^fc( CT -i)( 2 ) <g> s fe( CT -i)(3)- 

Let V = V Hl . Then V is a vector space over k. We define an action of G on V by 
(ti,g)xi (g> x 2 (g) x 3 = tig^xi (g) fi'°' 2 x 2 (g) fi' CT3 x 3 . 

We choose and fix a G i?i so that h(a) = (1,2,3). Then we use o\ = 1, cr 2 = 
cr, (T3 = a 2 as three different imbeddings. If k 2 is an S3-extension of k, this 
means that we are restricting elements of Gal(k 2 / k) to k\. Also since o\ = 1, the 
non-trivial element v G i? 2 corresponds to the transposition (2,3). 

Note that if x\, x 2} X3 G k, (xi (g) x 2 (g) X3) CT = X3 g) xi g) x 2 . This means that if 

Z = Yli,j,k X ijk e ijk, 

X<J = s iii e iii + ^ii 2 e2ii + x^ 21 e 112 + ^i 22 e 2 i 2 

+ ^2ii e i2i + ^2i2 e 22i + ^2 2 iei 22 + ^ 222 e 222 . 

Also 

X v = X^em + X V 112 e 12 \ + ^I21 e 112 + ^211 e 211 

+ ^I22 e 122 + ^212 e 221 + ^221 e 212 + ^222 e 222- 



2 



Therefore, x £ V is equivalent to 

£111,^222 € 2:211,2:122 € &i, 

2 2 

X 122 = X 212, ^l 22 = Z221, ^211 = ^121, ^211 = X H2- 

So x is determined by im,i222 £ & and £122,2:211 £ &i- 

We proved in [1] that (G, V) is a prehomogeneous vector space. 
Let T2 C G2 be the subgroup of diagonal matrices, N2 C G2 the subgroup 
of lower triangular matrices with diagonal entries 1, and B2 = T2N2. We define 
T = G\ xT 2 , N = {1} x N 2 . Then 5 = TN is a Borel subgroup of G. We define 

(1.1) a(*2i,*22)=(*J 1 *° 2 )>"(«)=(i l)' T= (l J)" 

where ^21 5^22 £ , it £ . We use the same notation for elements (1, a(^2i , ^22)) 
and (l,n(u)). Then T2, N2 consist of elements of the form 0(^21,^22)5 n(u) respec- 
tively. 

The action of 0(^21, ^22) is given by 

0(^21,^22)2: = N A . l/A .(t 2 i)a:iiieiii + ^lt^N^ ^(£22)2:1226122 

+ ^22^ 2 "l lN A; 1 /A;(^2l)a:21ie211 H h N fel / fe (t 2 2 )^222 e 2 22 • 

For ti £ GL(l)fc, the action is given by the usual multiplication of t\. 
By easy computations, 

2 

n(u)em = em + ue 2 n + u^em + u CT e 112 

2 2 

+ ei22 + uu a e 2 12 + uu a e22i + N fel / fe (u)e 2 22, 

^(w)en2 = en2 + ue 2 i2 + v a e 12 2 + uu <7 e 2 22, 

2 2 

^(w)ei2i = ei2i + ue 2 2i + u a e 12 2 + uu a e 2 22, 
n(u)ei22 = ei22 + we 22 2, 

2 2 

^(w)e 2 ii = e 2ii + u(7e 22i + « CT e 2 i2 + u a u a e 2 22, 
n(u)e 2 i2 = e 2 i2 + M CT e 22 2, 

2 

n(u)e 22 i = e 22 i + u a e 22 2, 
n(u)e 2 22 = e 2 22- 

Therefore, if n(u)x = Yli,j,k Vijkeijk, 

ym = Z111, 

?/2ii = 2:211 + uxm, 

2 2 2 

J/122 = ^122 + U^U* Xm + U a X2n + ^2115 

2 

J/222 = 2:222 + N A . l/A .(u)a:m + Tr ytl/ / yt (u°u CT £ 2 n) + Tr^/^ux^)- 
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The element tx is obtained by exchanging 1 and 2 in the indices of e^'s (for 
example re 12 2 = e 2 n). 

The relative invariant of (G, V) can be constructed in the following manner. For 
x = (xijk) G V , we associate a 2 X 2 matrix with entries in the space of linear forms 
in two variables v = (vi 7 v 2 ) as 

xm X121 \ , .. / Z112 ^122 



x — >■ M x (v) = v 1 [ + v 2 . 

\Z2ii Z221 / V^ 212 Z222 

Then F x (v) = det M x (u) is a quadratic form in t) = (^i, ^2). 
By an easy computation, 

F x (v) = (xinxl 22 - x 2XX x 2X \)v\ 

2 2 

+ (Z111Z222 + X 2\\ X \22 ~ X 2\\ X \22 ~ X 2\\X\22)V\V 2 
+ (a£ll a; 222 - ^^l 22 )^- 

Let A(x) be the discriminant of F x (v). 
We showed in [6] that 

A((fi'i,fi'2,fi , 3)^) = (det g 1 det 5-2 det g 3 f A(x) 

for gi,g 2 ,g s G GL(2) fe2 , x £V . So if we put x(fi') = N^/^det for g G GL(2) fel , 
X is a A; -rational character of G and A(^((/)x) = x((/) 2 A(x). We proved in [1] that 
A(x) G We define V fe ss = {x G V k \ A(x) ^ 0} and call it the set of semi-stable 

points. If x G Vk \ {0} is not semi-stable, we say it is unstable. 

For the rest of this section, we will consider a stratification of Vk- Let 

Y 1 = {x G V I xm = X211 = 0}, 17 s = {x G Y 1 \ x 122 ^ 0}, 

Z 1 = {x G V I xm = x 2 ii = x 222 = 0}, Z\ s = {x G Zi I £122 7^ 0}, 

F 2 = Z 2 = {x G V I mi = Z211 = ^122 = 0}, Y 2 SS = ZT = {xeZ 2 \ x 222 ± 0}. 

We define Si = GY* S for i = 1, 2. 

Proposition (1.2) (1) 14 \ {0} = V£ s [] Sik U S 2k . 
(2) S lk = G k x Bk for i = 1,2. 

Proof. Let x G Vjt \ {0} be an unstable point. We first prove that there exists 
g G Gk such that F gx (v) 



v 



2 

2 ■ 



If 

2 2 

ZlllZl22 ~ S 211 :C 211 = ^211^222 - ^122^122 = 0, 

F gx (v) is a scalar multiple of v\v 2 and x G V k ss . Applying r if necessary, we may 

2 

assume that xmx° 22 ~ x 2ii x m 7^ 0. 

Let u G &i and y = n(u)x. By an easy computation, 



Fj» = (x lllX ^ 22 - x a 211 x 211 )vl + (A(x) + 2B{x)uY Vl v 2 + C(a>| 
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where 

A(x) = xmx 2 22 + 2x 2 iixi22 - Tr kl / k (x 2 iix 12 2), 

B(x) = XmX 12 2 - X2\\ X 2\\i 

and we don't have to know what C{x) is. 

If Z211 7^ 0, x 211 x 211 = ^ k 1 /k{ x 2ii)x 2 ii G A;*. Also xm,a; 222 G At C k\ and 
^211,^122 £ A;i. Therefore, we can choose u G A?i so that the second term becomes 
zero. Since x is unstable, this means that the third term is zero also. Then for a 
suitable t\ G k x , Ft lTy (v) = v 2 . 

Next we prove that for any unstable point x £ 7^, there exists g G G k such 
that gx G Y\ k . If x ^ 0, this means either gx G or Y 2k . We may assume that 

I ^111 \ 

F x (v) = v 2 . So the matrix I 2 I is not invertible. If x\\\ = 0, X211 = 



X211 x 122 

also. So x G Yi. Assume that xm ^ 0. Let it G k\ and y = n(u)x. Then 
ym = ^111, J/211 = ^211 + and the matrix ( ^H 1 ) is not invertible 

\ 1/211 1/122/ 

either. We can choose it so that j/211 = 0. This implies j/122 = 0. If j/222 7^ 0, F y (v) 
is a scalar multiple of V1V2 which is a contradiction. Therefore, j/222 = 0. Then 
ry G Z 2 . 

Next we prove that if x, y G Y^ and gx = y for (7 G there exists g' G such 
that g'x = y. Note that because of the Bruhat decomposition of GL(2)fe 1 , we have 
a decomposition G k = B k \{ B k rB k . If g G B k , there is nothing to prove. If g G 
B k rB k , by replacing x if necessary, we may assume that g = (t\ , 02(^21 ? ^22)^(^)7") 
for certain ti G A; x , £21 ? ^22 £ Ar-j* , u k\. li x' = (x' ik -) = ri, x 211 7^ 0. If 7^ 0, 
ym 7^ which is a contradiction. If x' 111 = 0, since x' 211 ^ 0, j/211 7^ which is a 
contradiction also. Therefore, we can take the above g from B k . 

The argument is similar for S 2 , and this proves the proposition. 

Q.E.D. 



§2 The zeta function and the smoothed Eisenstein series 

In this section, we define the zeta function and discuss basic properties of the 
smoothed Eisenstein series. 
Let 

G° A = { fl fGG 2 A||det fl f| 1 = l}, G° A = A 1 xG° 2k , 

B lk = Ml± k hul±~^t22)n(u) I n G K+, <2i,<22 Ul,, m G A fcl }, #1 = A 1 x £* A . 

We define G Ajfe = X G A; _ . The group Ga acts on Va by assuming that 
A G IR+ acts by multiplication by A. Throughout this paper, we express elements 
g G Ga, 9° £ G° A as g = (A, £1,(72)5 </° = ^1,92) where A G IR+, ti G A 1 , and 
(72 £ ^2A- We identify the element (7 with (l,g°) and (72 £ G 2 A with (1, 1, (72)- Let 
A'l C A be the unique maximal compact subgroup, and K 2 C G2A the standard 
maximal compact subgroup. Then K = K\ X K 2 is a maximal compact subgroup 
of G\. Let dk be the Haar measure on K such that J K dk = 1. Throughout this 
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paper, we express elements of Bj^ as 

b 1 = (t 1 ,a(fJ Lki t 2 i,fJ L ~H 2 2)n(u)), 

where t 1 £ A 1 , t 21 , t 22 G A^ , /i G K+, u e k 1 . 

We use the Haar measure <i x t' on t' G A 1 or A^. such that the volume of A 1 /k x 
or A\ i /k 1 is 1. If t = Xt' or A^t' where t' G A 1 or A\ , we use d x t = d x Xd x t' as 
the Haar measure on A 1 or A]. . We do not use the subscript k\ for the measure 
on A\ because the situation will be clear from the context. We use the measure 

db 1 = iJ~ 2 d x t 1 d x fid x t 21 d x t 22 du 

on B^. We use dg° = dkdb 1 as the Haar measure on G ^. Let dg 2 be the Haar 
measure on G ^ which we defined in §1.1 of [8]. Then dg° = d x t\dg 2 . We define 
<iy = d x Xdg° . 

For T] > 0, we define 

T 2°,,+ = Mtk^tk^ I V G R+, fJ. > v}- 

Let O C i?2A ^ e a compact subset. We define (3° = ifT^+O. The set (3° is called a 
Siegel set. It is known that for a suitable choice of rj and fi, (3° surjects to G®^/ ' G 2k . 
Also there exists another compact set O C G®& such that (3° C fiT^ ^. 
For x = (x tjk ) } y = (yijk) G V, we define 

[x, y]' = xmym + Tr kl / k (x 211 y 211 + xi 22 yi 22 ) + x 222 y 222 . 

This is a non-degenerate bilinear form on V defined over k. By an easy computation, 
[y^,y] = [x, f gy] for g = (ti , a 2 (t 2 i , t 22 )), r, re(it) and x,y G Va.. So this is true 
for all g G G and x,y G Va.. We define [x,y] = [x,ry]. For y G G, we define 
y l = (A -1 , t _1 , T t g 2 ~ 1 T). This is an involution and the above bilinear form satisfies 
[gx,y] = [x,(y l ) _1 y] for all x,y G Va- 

For $ G ^(Va), we define its Fourier transform by 

$(x) = / $(y) < [x,y] > dy. 
Jv A 

It is easy to see that the Fourier transform of $(y- ) is A _8 $(y l - ). 
Definition (2.1) For any G k -invariant subset S C V k and $ G ^(Va), we define 

x£S 

Note that by Proposition (1.2), if x G V k s } (^111,^211) 7^ and {x\ 22l x 222 ) ^ 0. 
Therefore, by Lemma (1.2.3) and Lemma (1.2.6) in [8], we get the following lemma. 

Lemma (2.2) (1) There exists a slowly increasing function /i(A,/i) such that for 
any N^N 2 > 1, 

yr ($,y)<sup((A / i)- JVl ,(A 3 / i)- JVl )^p((A / i- 1 )- JV2 ,(A 3 / i- 1 )- JVl )KA,/i). 
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(2) The function ©y,. ($,</) is slowly increasing. 

Note that £211, ^122 £ k\ and k\ is a vector space of dimension 3 over k. So when 
£211 7^ 0, we are applying Lemma (1.2.6) in [8] with rriij = 3 for a suitable 
Also n k = //s. So the multiplication of p k can be considered as a multiplication 

of an element of A. This is why we get the factor A 3 /i or A 3 // -1 . 

Let cui,cu2 be characters of /k x } A£ /k* respectively. We put u = (cui,^). 

For this u, we define a character of /Gk by io(g) = ui(ti)u>2{det g 2 )- We define 
S(loi) = 1 if u\ is a trivial character and 8{u\) = otherwise. We define 6(lo2) 
similarly. 

Definition (2.3) For $ £ ,5^(V^), <-o as above and a complex variable s, we define 

(1) Z($,u,s)= f \ a u(g)Gv°°($,g)dg, 

JG K JG k 

(2) Z + (*,u,s) = \ s u(g)Q vr ($ } g)dg. 

\>i 



By Lemma (2.2), the integral (1) converges absolutely and locally uniformly in 
a certain right half plane and the integral (2) is an entire function. This means 
that (G, V) is of complete type (see [8, p. 64]) and therefore, by Theorem (0.3.7) 
in [8] (which is due to Shintani), Z($,u;,s) can be continued meromorphically to 
the entire plane and satisfies a functional equation 

Z($,u,s) = Z($,cu _1 ,8 - s). 
For A £ R + and $ £ ^(Va), we define &\(x) = $(Ax). Let 

J(*,g°)= ]T $((g°yx)- ^9° x ^ 

x£V k \V* s x£V k \V* a 
i°($,o;)= / u(g )J(*,g )dg°, 

I($,u,s) = [ \ s I°(<5> x ,Lo)d x \. 
Jo 

Then by the Poisson summation formula, 

Z($,u,s) = Z+($,w,s) + Z+($,u;- 1 ,8-s) + J($,u;,s). 

We study the last term in §3. For that purpose, we briefly discuss basic properties 
of the smoothed Eisenstein series. For z = {z\,z<i) £ C 2 such that z\ + Z2 = 0, we 
define 0(^21 5^22)* = 1^21 \l\ | ^22 |^ • Let p = (|,— |). We can consider p as half the 
sum of positive weights. Let tp(z) be an entire function which is rapidly decreasing 
with respect to Im(z) on any vertical strip. Moreover, we assume that 

ip(z 1 ,z 2 ) = tp(z 2 ,z 1 ), ip(p) = ?/> ( 1 -1 J ^ 0. 
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Let S'^g2,w,ip) be the smoothed Eisenstein series defined for §2 G G^A and a com- 
plex variable w. For the definition of (?(g2 } w } ij)) } see [3, p. 172], [5, p. 526], [7, 
p. 368], or [8, p. 75], (we are applying the definition in [5], [7], [8] replacing k by 
k\). Since the dependency on tp is not so crucial, we drop tp and use the notation 
<^(<72 1 w ) instead. 

Let s = z\ — Z2- Since z\ + Z2 = 0, tp can be considered as a function of s. With 
this understanding, p corresponds to s = 1. We define 

(2.4) A(w;s)- ^ 



w — s 

We recall properties of <ff(g2,w). Let 

<p kl (s) = Z kl (s)Z kl (s + l) -1 . 
W. kl = Res Z kl (s), 

s=l 

K kl 



g kl = Res<p kl (s) -. 

s=i Z kl (Z) 

where Z kl (s) is the Dedekind zeta function of the field k\ including the Gamma 
factors. The function Z kl (s) is defined in [4, p. 129] or [8, p. xii] (for the field k). 
It is well known that %3 kl 2 is the volume of G^/G^yfc. 
The following Proposition is well known. 

Proposition (2.5) (1) If f(g2) is a function of g2 G G^/G^yt such that there is a 
constant r < 2 and 

f(k 2 a(p k ^p-^)n(u)) < p r 
for k2(i(n k ,/i~ 1 )n(u) G &° , the integral 

f(92)^(92, w)dg 2 

G° 2A IG 2 k 

becomes a holomorphic function for Re(w) > 1 — e for a constant e > except 
possibly for a simple pole at w = 1 with residue 



Qk! / q f{92)dg2- 

•'G° 2K IG 2 k 

(2) If f(g2 ) is a slowly increasing function of g2 G G^^/G2k, the integral 

f(92)^(92, w)dg 2 

G° 2A IG 2 k 

becomes a holomorphic function on a certain right half plane. 

(3) If u>2 is a character of A£ /k*, 

U2(det g 2 )£(g2,w)dg 2 = S(u 2 )A(w; p). 

G° 2A /G 2 k 
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Let (?o(g 2} w) } (?(g 2} w) be the constant term and the non-constant term of 
(?(g 2} w) respectively. It is well known that 

(2.6) ^(b\w) = -^= [ (^ 1+a + ^- a (f> kl (s))ds. 

27TV-1 JRe(s) = r>l 

Also on any vertical strip in Re(u;) > 0, S{b x ,w) is holomorphic and 

(2.7) ^(b\w)<:^- 21 . 

For the proof of Proposition (2.5), see [3, p. 172], [5, p. 527], or §3.4 of [8]. 

If f(w) } g(w) are meromorphic functions of w, we use the notation / ~ g if / — g 
can be continued meromorphically to Re(u;) > 1 — e for a constant e > and is 
holomorphic at w = 1. We define 

I($,u,,w)= [ u,(g )£(g 2 ,w)J($,g°)dg . 

J G°JG k 

By Lemma (2.2) and Proposition (2.5), 

(2.8) !(<!>, u,w) ~ Q kl A(w;p)I°($,u). 



§3 The principal part formula 

In this section, we determine the principal part of the zeta function. For that 
purpose, we first have to define distributions which appear in the inductive com- 
putation. 

Definition (3.1) (1) Let \E , i,\E , 2 be Schwartz-Bruhat functions on A, A^ respec- 
tively. Then for t\ £ A x , t 2 £ k£ , we define 

0i(*i,<i) = ^i^); 

x(£k x 

(2) LetiOi } uj 2 be characters of A x / k x , A^ /k* respectively. For a complex variable 
s, we define 



£i(*i,u;i,s) = / |<irwi(<i)0i(*i,<i)d x <i, 
S fcll (^ 2 ,cu 2 ,5) = / \t 1 \ s kl uj 2 (t 2 )Q kll (^ 2} t 2 )d x t 2 . 

These are more or less the Dedekind zeta functions of k\ respectively. They 
can be continued meromorphically to the entire plane with possible simple poles at 



s = 0,1. 
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Let 

oo 

(3.2) 2^1(^2,^2,5)= ^2 S Jfcll) ( i )(*2,w 2 ,so)(s - ^o)* 



i=-l 



be the Laurent expansion at s = so. 

Let $ G ^(Va)- We define a Schwartz-Bruhat function on Zia — A^ by 



(3.3) i?i$(xi2 2 ) = / $(0, 0, £122, £222)^222 • 

Ja 

We define a Schwartz-Bruhat function i?2$ on Z2A = A by just restricting $ to 

■^2A- 

Definition (3.4) (1) 8 # (oo) = 8(00^8(002). 

(2) 8,(oo) = 1 if ^(q^iqi )- 1 = ^(qj^^/M- 1 ) = 1 for all q, G A x , q 2 G A* 
ane? <*>i(iu) = otherwise 

(3) <*>2(cu) = 1 z/c^i(Nfc 1 /fc(<7)) = ^2(5) = 1 for all q G A£ and 82(00) = otherwise 
As in [5] or [8], for $ G *5^(Va) and oo = (001,002) as above, we define 



(3.5) M w $(x) = / oo(k)$(kx)dk. 

Note that .\/„..\/„.<i> = M w $ and Z($,u;, s) = Z(M w $,u;, s). So in order to study 
Z($,cu,,s), we may assume that M w $ = $. The following theorem is the main 
theorem of this paper. 

Theorem (3.6) Suppose M w $ = $. Then 

Z($,u,s) = Z+($,co,s) + Z+($ } oj-\8-s) 

'$(0) $(0)\ 



s - 8 s / 

SiQRaS^r 1 ^) _ Si(iZ 2 $,o;i,2) ' 
s - 6 s - 2 



+ di(u;j — — h 



(s - 4) 2 s - 4 

/SE^.^CRiS,^,!) , S fcll)(0 )(i?i$,cu 2 ,l) 



(5-4)2 + s _ 4 



Proof. We devote the rest of this paper to the proof of this theorem. We use 
Proposition (2.5) and (2.8) to separate contributions from unstable points. The 
contribution from each stratum is given by the following integral 

(3.7) Ii($,u,,w)= [ oo(g )es ik (<S>,g Mg2,w)dg forz = l,2. 

J G°JG k 
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Since (?(g2 7 w) = S'^g^w), by Proposition (2.5), 
(3.8) I(^,u,w) = 6 # (u)A(w;p)($(0) - $(0)) 



i=l ,2 



We first consider 7i($,u;,u;). 
Proposition (3.9) 

6 (uj ) ( 

h{§,Lo,w) ~ l[ yL / E tl i(iJi$ ! u 2 ,s)^ 1 (s)A(u);3)(is. 

Z7r\/ — 1 jR e (s) = r>l 

Proo/. 

J 1 ($,CU,^)= / CU( 5 °)0 S1 ,($,5 O )^2,^)^ 
./ G°JG k 

u(g )Q Y ss($,g )<?(g 2 ,w)dg 



'B]JB k 

Lemma (3.10) 



G\/B k 

uj(b 1 )Q Y ^(^,b 1 )^(b 1 ,w)db 1 



Lo(b 1 )eY 1 ^,b 1 )^(b\w)db 1 ~0. 

Proof. By Lemma (1.2.8) in [8], for any N > 1, 

Yi ss($,6 1 )< /U Jv sup(l,/i). 
So on any vertical strip in Re(u;) > 0, for any N > 1, / > 2, 
©^.(i^ 1 )^ 1 ^) < /i JV+1 - 2 'sup(l,/i). 
This proves the lemma. 

Q.E.D. 

Note that S'oib 1 ,w) depends only on /i. By substituting q = ti ^21 (^22 ), 

we get 

U ( b 1 ) y ss ( $ , 6 1 ) 4 ( b 1 , Itf ) db 1 

BjJB k 

= Si(u) / cu 2 (g)0fc 1 i(i?i$,/i" 1 g)<?o(a(/i ,^~ 1 ),w)^~ 1 d x ^d x q. 

It is easy to see that 

/ ^2(^)0^1(^1$, fjL~ 1 q)fj. ±8 d x fjid x q 

= E fcl i(i?i$,cu 2 ,T5) 
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if Re(s) < — 1, Re(s) > 1 respectively. Since 
1 



E fel i(-Ri$,u;2, -s)A(w; s)ds ~ 0, 

27TV-1 iRe(s) = r<-l 

we get the proposition. 

Proposition (3.11) 

I 2 ($,u,w) ~ Q kl 6 # {io)K{w- p)^ l {R 2 ^ ,lo u 2). 



Q.E.D. 



Proof. 



J G°JG k 



u(g )Q z?k ($,g )<?(g 2 ,w)dg 

G\/B k 

uj(b 1 )Qzii(^,b 1 )^(b\w)db 1 

BjJB k 

uj(b 1 )Q ZTk (^,b 1 )^(b\w)db 1 . 

B\IB k 

The last step is because & 1 ) does not depend on u. 

By substituting q = 1 1 (^22), we get 

^(b 1 )Qzn(^,b 1 )So(b 1 ,w)db 1 

B\/B k 

= 6 2 (to) I u 1 (q)Q 1 (R 2 $, /i~ 3 g)<? (a(/i, , /C 1 ), w)/j~ 2 d x fid x q. 

Since /i~ 3 = It is easy to see that 

u 1 (q)Q 1 (R 2 ^, /i~ 3 q)fJ 1±s d x fid x q 

= Ei(i2 2 $,u;i,l=Fs) 
if Re(s) < — 1, Re(s) > 1 respectively. Therefore, 

S 2 (uj) / uj 1 (q)Q 1 (R 2 ^^~ 3 q)(g'o(a(n ^~ 1 ),w)p~ 2 d x pd x q 

~-^=L Xi(R 2 $,u, u l + s)<f> kl (s)A(w;s)ds 

Z7r\/ — 1 jR e (s) = r>l 

~ ^ 1 <5 2 (cu)A(u;; / o)Ei( J R2$,^i,2). 

Q.E.D. 
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Let 

(3.12) Ji($,cu) = %H($(0) - $(0)) 

+ ^ 1 «5 2 (cu)(E 1 (i? 2 $,cu 1 - 1 ,2) - ^ 1 (R 2 <^,uj-\2)), 
J 2 ($,cu,s) = <5i(cu)(E fcl i(i?i$,cu- 1 ,s) - E fcl i(i?i$,cu 2 ,s)). 
Then by (3.8) and Propositions (3.9), (3.11), 

I($,u,w) ~ J 1 ($,u))A(w;p)+ 1 r — I J 2 ($,u),s)<f> kl (s)A(w;s)ds. 

27TV-1 jRe(s) = r>l 

Therefore, by Wright's principle (see [7, p. 373] or §3.7 of [8] replacing k by &i), 
J 2 ($,cu,s) is holomorphic at s = 1 and 

I($,u,w) ~ J 1 (<5>,u)A(w;p) + ^ J 2 ($,o;,l)A(u;; / o). 

This implies 

<5 1 (cu)E fcll)( _ 1) (i? 1 $,cu- 1 , 1) = <5 1 (cu)E fcll;( _ 1) (i? 1 $,cu 2 , 1), 

J 2 ($,cu,l) = «5 1 (cu)(E (tll;(0) (i? 1 $,cu- 1 ,l)-E (tll;(0) (i? 1 $,cu 2 ,l)). 
Therefore, 

(3.13) I°($,cu) = 2J* l2 5 # (u;)($(0) - $(0)) 

+ «5 2 (cu)(E 1 (i? 2 $,cu 1 - 1 ,2)-E 1 (i? 2 $,cu 1 ,2)) 
+ «5 1 (cu)(E (tll)(0 )(i?i$,cu- 1 , 1) - E (tll)(0) (i?i$,cu 2 , 1)). 
It is easy to see that 

$ A (0) = $(0), $I(0) = A" 8 $(0), 

Si(i2 2 $ A ,a;i,2) = A~ 2 Ei(i? 2 $,cui, 2), 

Si^C^i" 1 ^) = A^Ei^S,^- 1 ^). 

Since 

S^i^i^a,^^) = A~ 1_3s EA; 1 i(i?i$,a; 2 , s), 

we get 

E fcll)(0) (i?i$A,^2,l) = A- 4 E fcll)(0) (i?i$,cu 2 ,l) 

-3A" 4 log AE ytll) (_ 1 )(i?i$,a; 2 , 1), 

E fcll)(0) (i?i$I,cu- 1 , 1) = A- 4 E fcll)(0) (i?i$,cu- 1 , 1) 

+ 3A" 4 logAE^^^^S,^- 1 ,!). 

Then Theorem (3.6) follows by integrating X s 1° over s G [0, 1] using (3.13). 

Q.E.D. 

Remark (3.14) For a place v, let k v be the corresponding completion of k. If 
$ = (x)$„ where is a Schwartz-Bruhat function on V kv and is compactly 
supported in V k ss for a certain infinite place E,t 1 i ) (_i)(-R 2 $, cu 2 , 1) = 0. But if 

E^-D^S,^- 1 ,!) = E^-d^S,^,!) = 

also. Therefore, all the poles of the associated Dirichlet series for this prehomoge- 
neous vector space are simple. 
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